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State-similarity metrics



Most problems of practical interest are 
MDPs with very large (or continuous) state 

spaces.







How to structure these states?









• Equal rewards

• Equal transitions



Which states are equivalent?
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Which states are equivalent?

8 states => 4 states!



Bisimulation relations
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Given an MDP                               , an equivalence relation 
                                        is a bisimulation relation if whenever 
          we have:

1.   

2.

Two states x and y are  bisimilar if there exists a bisimulation 
relation E such that           . 
Let ~ be the maximal bisimulation relation.

Bisimulation relations



Bisimulation implies value equivalence



p 1 - p

q 1 - q

Are x1 and x2 bisimilar?



p 1 - p

q 1 - q

Are x1 and x2 bisimilar?

If p = q, then yes!



p 1 - p

q 1 - q

Are x1 and x2 bisimilar?

If p ≠ q, then no!



p 1 - p

q 1 - q

Are x1 and x2 bisimilar?

Bisimulation relations can be brittle!



Equivalence relations
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Pseudo-metrics
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The Kantorovich metric
(also known as Wasserstein metric)

(also known as Earth Movers Distance)
(also known as Optimal Transport)
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The Kantorovich metric
Minimize cost



The Kantorovich metric



The Kantorovich metric
Primal



The Kantorovich metric
Primal Dual



The Kantorovich metric
Primal Dual
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p 1 - p

q 1 - q
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Difference in transitions
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Bisimulation metrics
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Bisimulation metrics
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A brief overview of 
some (tabular) extensions



Lax bisimulation metrics
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Bisimulation metrics for options
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Bisimulation metrics for policy transfer

Theorem: 



Bisimulation metrics for policy transfer

Theorem: 



Break!
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1. They’re inherently pessimistic
Solution: π-bisimulation!

Definition: A metric d is a π-bisimulation metric if

Theorem: The functional                                 defined as 

has a unique fixed point            and             is a π-bisimulation metric

Theorem:
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2. They’re expensive to compute
Solution: Sampling!

Theorem: If         is updated as above and                  , then 
                                                       almost surely.

Caveat: Only holds for deterministic MDPs.
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Does it work?
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π-bisimulation metrics are great 
but…

1. They require a pre-trained agent 

2. They assume determinism 

 





Deep Bisimulation for Control 
(DBC)



Deep Bisimulation for Control 
(DBC)





What is a good distance?





From https://psc-g.github.io/posts/research/rl/mico/







Experimental results



Experimental results

Agarwal, Schwarzer, Castro, Courville, & Bellemare, NeurIPS, 2021



Thanks! Some other recent work:

Metrics and continuity in reinforcement learning 
LeLan, Bellemare, & Castro; AAAI 2021

Contrastive Behavioural Similarity Embeddings for 
Generalization in Reinforcement Learning 

Agarwal, Machado, Castro, & Bellemare;

ICLR 2021


